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ABSTRACT
The spectrum of supersymmetric domain wall solitons of the Wess-Zumino
model is known to be discontinuous across a curve (of marginal stability) in the
moduli space of quartic superpotentials. Here we show how this phenomenom




It is often stated that solitons of supersymmetric field theories that preserve the same
fraction of supersymmetry will exert no force on each other. This seems to be true
for solitons in field theories of spacetime dimension four or higher, and it implies the
existence of multi-soliton solutions that can be interpreted as individual solitons in static
marginal equilibrium due to a cancellation of attractive and repulsive forces. However,
the situation for solitons of two-dimensional field theories, or domain wall solutions of
higher-dimensional field theories, is rather different. While it is possible to find models
that admit multi-soliton solutions of the type just described [1], these are the exception
rather than the rule; in general, all multi-soliton solutions are time-dependent and do not
preserve supersymmetry. This implies the existence of a force between widely separated
solitons.
Consider the case of a field theory for a real scalar field φ with a potential having
three isolated degenerate minima, at φa < φb < φc. There exist static soliton solutions
interpolating between the adjacent minima, and these are supersymmetric solutions of
the supersymmetric version of this model, but there is no supersymmetric soliton inter-
polating between the non-adjacent minima. This is because all supersymmetric solutions
correspond to flows of a first-order equation and there is no flow connecting φa with φc.
There must some solutions that interpolate between the non-adjacent minima, but they
are necessarily time-dependent. These solutions represent an ab-soliton followed by a
bc-soliton moving under the influence of the force between them, at least for large sepa-
ration. The leading-order term in an asymptotic expansion of the long-range force must
be repulsive because an attractive force would imply the existence of a bound state of
an ab-soliton with a bc-soliton and hence the existence of an ac-soliton but, as we have
just explained, there is no such soliton. This asymptotic force can be computed (up to a
scale factor) by a method introduced by Manton to show that there exists an attractive
long-range force between a soliton and anti-soliton [2].
The situation for multi-component scalar field theories is much more complicated.
Here we shall concentrate on the reduction to two-dimensions of the four-dimensional
Wess-Zumino model; this is the supersymmetric extension of a model for a single complex
field z(t, s) with Lagrangian density
L = 1
2
[|z˙|2 − |z′|2 − |∂W (z)|2] , (1)
where the ‘superpotential’ W (z) is a holomorphic function, and
z˙ ≡ ∂z
∂t






Critical points of W are supersymmetric vacua and the supersymmetric solitons (domain
walls in the 4D context) are the minimal energy configurations that interpolate between
these vacua [3, 4, 5].
Polynomials provide a simple class of superpotentials. A polynomial superpotential
of order n has n− 1 critical points, and hence n− 1 vacua, so in order for such a model
to admit multi-soliton configurations we need n ≥ 4. Here we shall concentrate on the
simplest case of a quartic superpotential, which may (without loss of generality) be put
in the form
W (z) = z4 − 4
3
µz3 − 2z2 + 4µz , (3)
where µ is a complex constant that parametrizes the space of physically-distinct quartic
superpotentials [4]. Provided that µ 6= ±1, there are then three (degenerate) supersym-
metric vacua, at
(1) : z = −1, (2) : z = 1, (3) : z = µ , (4)
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